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ABSTRACT

A hypotraceable digraph 1a'dfdiqiaph'5‘wh16h~i lﬂ,

is traceable. It was proved racently thab hypot!uceabze da1graph
of order n exit for all niz 7. We px‘ebent hezo thiea ‘diffaron
constructions to obtain furtheér cloases of. hypotxgceable iﬂrqph‘
which are either stronqu connected or have a sourco and/ox H'link
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1, Introduction and Notation

It was shown recently that the intractability of the symmetric
travelling salesman problem is closely related with the difficulty
of characterizing hypohamiltonian and hypotraceable (undirected)
graphs. Namely, it was pxoved (c.f.[1]) that many of them induce
ﬁhcete of the monotone symmetric travelling salesman polytope.

We study hypohamiltonian and hypotraceable digraphs in order

.to: check whqtﬁer analogous results also hold with respect to the

. asymmetyic travelling salesman problem. Indeed, it was shown in
‘[ 3 .and[ 3] that many of the hypohamiltonian digraphs obtained in
[4], and some of the hypotraceable digraphs we present here, in~

duce facets of the monotone asymmetric travelling salesman polytope

Most of the known results on hypotraceable (undirected) graphs
.'are due to Thomassen. In. [7] and [8] Thomassen constructed hypo-
- traceable graphs of order 34, 37, 39 and higher. A tight
" bound on the order of such graphs is, however, unknown.

lower

The smallest known cubic hypotraceable graph was constructed
by J. D. Horton and has order 40 [6]. In[9] the existence of an
" infinite family of cubic planar hypotraceable graphs is shown.

.ihe qustion of the exlstence of hypotraceable digraphs was
\receﬂtlf settled [5]. It was proved that such digraphs of order n
“exist iff n 2 7, and that for each k 2 3 there are infinitely
nany hypot;aceable oriented graphs (digraphs with no 2-cycle) with

- . & source and a sink and precisely k strong components. It was also

shown in [5] that there are strongly connected hypotraceable orien-
ted graphs and that there are hypotraceable digraphs with precisely
two strong components one of which is a source. Finally, it was
shown that hypotraceabla (or hypohamiltonian) digraphs may contain
large complete subdigraphs and large tournaments.

et m PRy sa”

Constructions of Hypotraceable Digraphs .

. We denote (undirected) graphs by G = [ V EJund edgq
e €E by e ={ uyv }. Agraph G is called hypotracoablc
if it is not traceable (i.e. does not contain. a.hnmiltonian chai
but G - v-1is traceable for all v in G. N P

A digraph G = (V,E) consists of a ﬂn.tte ode agt v <|vi t
called the order of G) and an arc_set of ordered pairs: e - (0,9}
u # v, of nodes; multiple arcs are not allowgd}. .-

Ywieslus (vu) €B),
N (wr=fu1 (uv) €EL
N (v =8N uNT(v)

is the se t of neighbours of w.
atvys = It |
is called outdegree of v, . -»:7»»  i%ij‘.
T = | N |
is called indegree of v,
a W =atv +aw
is cﬁleﬂ degree of V. A non-emél;y Qet o!l, :at;cu. {
P = {: ("1"'2)”"2"’35’ ..‘.;(v#_l.vk)ljiic.z

1s called a path of length k-1 if v, ¥ vy for 1 # § and is dancte

by [vy,vyseeaivyl o IE (v,vy) € E . then :- S

Ct =P U {{v, , vy)}

is called a circuit of length k, denoted by (vl,vz,...,vk)..h path.-
(circuit) of length V| -1 (ivl) is called hamiltonian, ¢ » v -
is the digraph with node set V -~ { v ] and the set of all arcs in B
which do not contain v. G = (V,E) is called traceable (h amiltonigg!
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.1f G contains a hamiltonian path (circuit). G = (V,E} 1s called
hypotraceable (hypohamiltonian) if G is not traceable (hamiltonian)
but G - v is traceable (hamiltonian) for all V €V. For u,v € v we
de!ine G - (u,v) to be the digraph (V, E - { (u,v) B, 6+ tu,v) is
the’ digraph v, B u{(u,v)}).

2. Trivial Properties, Directing Hypotraceable Graphs

. As the following lemma shows digraphs of the class conside~
. red cannot have all posaible node degrees.

Let G = (V,E) be a hypotraceai)le digraph of oxder n.
Then for allv € vy

‘aya* (v) a1 implies a*(v) 2 o
B a(v) Y implles d (V) 22
cyaty sn-a2.

P;oof:

: Suppose that d*(v) = 1 and let (v,w) € E . Every hamilto-
nian path P in G -~ w has v as its endpoint because the outdegree of
v in G - w is 0. But then P u {(v,w)} ~ is a hamiltonian path 1in
.G, Contradiction! b) follows similarly. .

»c)_!.e‘t_v be any node in V, and let Pafv,ss..v ;) be a hamiltonian
path in G - v, Obviously (v,vl) and (vn_l,v) cannot he in E and
(vl.v)~ € E implies (v,v“l) § E.

‘ Suppose there is a path Q = [ Vo .vq] € P such that all
‘nodés v,, p< J<£gq » are neighbours of v and that v_, v_  are
doubly. linked to v (i.e. (v V), (v,v ), (v,vq) (v.,v) € E). As
(vp,'v) € E implies (v,v_ 1‘) ¢ E, i.e. (v ,1+v) € E, hence
(v.vpn) ¢ B, atc. We obtaln that (v,v, )¢ B, a contradiction.

It follows that between every pair vp,vq of nodes that are doubly

Constructions of Hypotraceable Digraphs

linked to v thera is a node vye p<3<a . which 1is not a ne.l
bour of V. ' L ST

I1f we consider the sequence of nodas wy, "’2""5"’1{ such:
that w, is either doubly linked to v or not a noighbou! of V..l
the indexing is comparable to the orxdering in B, thcn no doubly
linked nodés are consecutiva, hence in the worst cace this 4 uohq‘q
is alternating. Similar arguments as above show ehat "1 and. {
not he doubly linked to v. 'rhere!ore )

d(v) $ (n-1) -k + 2 ()q-fl)'/ 2
an -2
Anode v € v with a(v) = 0 will be called a soufce; & node v with

d*(v) = 0 a sink. A source (sink) v with d*(v) = 2.(a7(v):
be called minimal. The third type of “minimal" nodoa w11

nodes with degree n - 2.

Clearly, hypottaceable digraphs have to be connected Sup-
pose there would be an articulation node w G V.. Then G »w would
be disconnected and could not contain a hamiltonian path.,_’l‘hexq '
fore, hypotraceable digraphs are 2-connected. Later examplés show
that there are hypotraceable digraphs which are not 3é¢onnqciéq;‘-
therefore the minimum degree of connectivity of hypotraceable dai
graphs is lower than the one of hypohamiltonian digraphs, 'k_q,._k_f.cg_],.

A digraph is strongly connected, or strong,if for avory
two nodes u and v there is a path from u to v(and a path ftom v to N
). :

vemma 2,2,

The smallest nontrivial strong component of a hypotracea‘blev
digraph has at least five nodes. '
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Th erd ore P i a & th eform’

Let H = (H, F) be a nontrivial strong component of a hypo-

- P= PUL B nqaaluv*'
traceable digraph G = (V E,) such that | W l is as small as possible . -

whera i’ (P ) 1s a hamiltonlan path in the” suhdiqraph indi
- X (x") .ret Q be a path in G - b . can neither oonta"
(a ,a) nor (a,a ", otherwise G would be traceahi‘. Purth

cannot contain the arc (a0} This implies'tha’

Il-. can bhe easuy ‘seen that H cannot have order 2 or 3. Sup—
poae R has order 4. If H containa no circult of length 4 then a

. contradlction is aasily obtained. Let us consider then, the case
that B contains a circuit of length 4 (this implies {viz-5) . The
ae!: v can obvio\lsly be: partitioned into different node sets

5L

(x or X~ might be empty) such that:

is a hamiltonian path in G. contradi.cuon! smuu cmu‘
¥ also lead to a contradiction in tho second case. " vg’_, ]

‘any node in W.u x* . can be reached from any node in
x u w by a path

’ and that

‘ 2) lhere i9 no bath from any node in W u % to any node in X .

.+ A node in %~ (resp .x") which is adjacent to a node v of H
.will be denoted by v~ (resp. v'}. Let W = {a, b, o, 4}
.-and let P ba a hamiltonian path in G - a. Then there are

i two possibilities: ' :

: 0 .‘ ik R o | .

- Thexe exists a oirouit C in H ,of length 4 ,such that P
contains exactly 2 arcs of C. z

a = (V:‘i.

an tad a trivially directed graph .

. casa 2t -

Thare 1s no circuit in H, of lenqgth 4, such that P contains ;-";M}—"‘
- 3 arcs of the circuit. ) ey : e e
ST : tet G = [ v,d be ah ypotracdal e grdp th erth e
-In the first case consider w 1 @ g .C.= (a b, c, d) following holds: .

(b,c) ¢ P, (c,d) ¢ P, -
- R o a) d=(vE) 1s a hypotraceabla digraph
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b) G - e is a hypotraceable digraph for all e € E.

" Proofy

‘bﬁvio@o. a

. Thus usinq the results in(7] and (81 we can obtain
: hypotxaceable dlgraphs of ordex 34, 37 39, and higher.

: 'Case b): of Theoram 2.3 1s not the only way to mcdify tri—
B vlally directed hypotraceablo graphs. Depending on the underlying
.:hypotraceable graph therq‘are in general many possibilities to add ) .
or - . remové arcs from G and atill maintaining the hypotrace - EICURB jiJ' 5
;able pxopcxtiea. - S
L Another way to get possibly non-iaomorphic hypotrace abd
*'diqraphs of the samre order ia to revexse the direction of evexy
| aEc Clea;ly, every path ¢ VireesrVy ] in G will be a path
% vil o in the raverse of G; hence, ‘the defining propertles
j7o!_nybdtgacqab19 digraphs are kept.

.35 Sbme Basic ngotraceable Digraphs

_ ’ In order to obtain hypotraceable digraphs of higher order
Zwu«tm"uncnnmmmmndMumsManrm 31 to 3 5.

- The digraph T 1s the only one which can be obtained by
. means.o! the construction presented in cs1.

-1t is not difficult to check that the seven digraphs in
'Pti,J.l. to Fig. 3.5. are hypotraceabla; because of its length

- a p!oo£ is omitted (a short recursive computer program could do
.thia job). In each of these digraphs an arc from the source to
khe sink can he added which obviously does not create a hamilto-
nian path. Hence there exist nonisomorphic hypotraceable digraphs
‘of order n = 7,8,..., 13,

FIGURE 3.2
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FIGURE 3.3
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ded th:ls new hypotzaceable dlgzaph is in qonora q
i.e. wo may add more arcs without getting a traceab
© T’ pe the digraph which conf.aina all aras of ¥
arcs (s, t), (u,v}, and (w,wl). xt ia ‘@asi 1 %
hypotraceable and that the addition of. any'furthe
rate a hamiltonian path. Thus 'r., 18 maximaL hypd 3
talns four nodes namely WY, W Wy which have. tha maximat
degree . n -~ 2 = 5. Clearly therc are’ of
hypotraceable diq:aphs that contain 'I‘.;

combines two hypotraceable digraphs with sourca and;sink to gd
hypotraceable digraph with source But not sink. For thc th
thod four hypohamiltonlian digraphs are:needed: to obtpin e
gly connected hypotraceable digraph, this ‘method h ad

- sion of Thomassen's construction for hypotracoabla qraphs,
'PIGURER 3.5 ' t?] . . i

Definiticn4 1 .
A digrph G = (V B) ,lvl 23,18 called wﬂg £

! it contains two non-empty special node _natq S, TS v with the
following prOperMea: ’ . B

1" a) Bach node s € S is the initial node of a hamntonlan path 'in (5

b) For every node v € Vv there exists anode-t € P ana a hen.ﬂw"
nian path P in G -~ v with initial node t. : :

SRR TR

FICEL

e VB
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e l‘i'q hocb £,€ T 1is the initial node of a hamiltonian path in G.

If we have a nupettraceable digraph G = (v E) with special

.'noda sats §,T then the reverse digraph G° = (v, EF), where
. X ={{u,v) ¢ (v,u) €E 1 , has the above propertles a), b), c)
’ with respect to S and T where “initial" is replaced by "terminal”

: in the deiinition.

- Supertzaceable digraphs give hypotraceable digraphs in
i t.he fonowinq wayr . - .

gonstrucﬁon HT].:

ET Let Gi (V ,B ) and G2 - (Vz.B') be two disjoint super-
»trateable digrapha with special node sets 81, Tl and sz, T, res-

N pectively, et G2 = (Vy:B,y) be- the reverse of Gj. Let

nw {(a®) s 3‘82' ti’l‘l 1 . ‘Bi= {(t,8) vt € ’1‘2,
ani chfincc - (H ) 2] to ba the digraph with

s€¢ sy},

'_w:-vluv;. F:ﬂ.BluEZUAUB.

f
Gz
FIGURE 4 1.
_ Thegxem 4 2. .

} The digraph G = (W,F) as defined in Construction HT1 is
hypotraceable.

Constructions of Hypotraceable Digraphs. -~~~
Prfio : -

" a) Suppose G contains a hamiltonian pai:h :
Pal vy, wnl < P necessarily contaim,m‘ ]
(vyrvy,) € AUB.IE (vi,v ) € A then the partiak path:

(vg preene 1€ Pisa hamiltonian path in Glx as:

Ei‘ this contradicts c) oﬂ- 41

Viel
similarly, (vi.v“l) ¢B contradicts v'

b) W 0.9 let V. e B SR Gl’—vcontain .8
y With initial node .t € '1‘1, G, contains &hﬂm

p #1th terminal node s € 53 hgrice (3,0 ¢ A. ;

p2 u {(5,1-.) ]Upl is a hamilton an pa ths G Vi

™ie ﬂwws that G is hypotraceabxe" &

Remdr3d . .

For every hypotraceable digraph G tV,B} Hith‘: ¥
the digraph G ~ 8 i9 supertraceable.

Proof:

G~s contains hamiltonian patha. mt S be tha se
initial nodes of these paths. Por every vé€ V - [ ‘al thora are.
hamiltonian paths in G - v which all necessarily atart ing. Ifwe

remove the first arc of these paths we obtain hamiltonian pathl in

1s the initial node of a hamiltonian path P in G -‘

By construction (s t) €B

also satisfied O

e

for all ¢ ¢ T, hence { (s,t) GE s
a hamiltonian path in G, a contradiction. Therefore,c) of hl.in




162 M. Grotschel and Y. Wakabayashi
Remaxk 4.4.

For every hypotraceable digraph G = (V,E) with sink t the
digraph G - t 13 the reverse of a gupertraceable digraph.

Proof
Revert G and apply 4.3 0O

A converse of Remark 4.3. which is another (trivial) cons-
truction of hypotraceable digraphs is obviously also true: Given a
supartraceable digraph G = (V,E) with apecial sets S,T, then the
digraph G' consisting of the node set V plus a new node 8 (source)
and the arcs E plus all arcs (s,t), t €T . i3 hypotraceable.

As the seven digraphs T,, Tgse..r Ty shown in fig. 3.1 to

* 3.5 each have both a source and a sink we can construct several dif-

ferent gsupertraceable digraphs by removing the source or the sink.
All new hypotraceable digraphs obtained by using two of these su-
pertraceable digraphs in Construction HT1 will also have a source
and a sink. By lteratively applying construction HT1 we get hypo-
traceable digraphs of all orxders nz 12 and hence an infinite
class of these digraphs. The number of hypotraceable digraphs of
order n constructable in this way is not small at all, Consider
e.g. the digraph T; defined in section 3; T; - a is supertraceable
where the special sets are T = {u.wll , and S any non empty sub-
set of { v,w,y;]} , hence there are seven possible choices of S.
Combining these supertraceable digraphs in various ways we get
quite a number of nonisomorphic hypotraceable digraphs of order 12.

As the bylldinq blocks T,,...,le resp. have one strongly
connected component of size 5,...,11 resp. only, all newly cons-
tructed digraphs have strong components of these sizes only. By
linking source-or sink-deleted digraphs T, repeatedly using cons-
truction HT1 we obtain an infinite number of hypotraceable digraphs
with maximal (and minimal see 2.2) strong components having five
nodes. Furthermore, all these digraphs are 2-connected but not 3-
connected.

SR

SRS
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Summing up the foregoing remarke we have showni

Theorem 4.5.

a) There are non-isomorphic hypotraceable digzapha ot or—
der n for every n 27. :

b} For all n2 7 there are hypotraceable digrapha of order
n which are not strongly connected and have a minimal
gource and a minimal sink. ‘

¢) For aevery n 2 12 there exists a hypotrnceabla diqraph
of order n the maximal strong component °f;Wh§9h con= .
tains 5,6 or 7 nodes only. ' s

Conatruction HT1 using the source-or-sink- ~-deleted digréphs

yields hypotraceable digraphs of order Sk + 2, k2 2 with magi-- . -
mal strong components of size five and a gource and & sink. Clear-
ly, by the Lemma 2.2 there can be no hypotraceable ‘digraphs of or- -
derSk + 3 and 5k + 4, k 2 1, the maximal strong component of which'
has order 5. However, there could exiat hypotruceable dlgraphn o! thi‘
kind having order 5k or 5k + 1, kz 2. These digraphs would éither
have neither source nor sink or a source or a sink but not both.
Suppose there is such a digraph G = (V,E) without a sink. This di-
graph necessarily has a "last" strongly connected component (W,F), .
i.e. a component such that (w,v)¢ E for all wewW and all v eV-W,
Thus, (W,F) is a strongly connected supertraceable digraph of order
5. By simple (but lengthy) enumeration wa have shown that there are
no supertraceable digraphs of oxder 5 at all. This proves that such
a digraph G = (V,E) does not exist, hence, there are hypotraceablo
digraphs of order n, the maximal atrongly connected component of
which has five nodes only, if and only if n = 5k + 2, k21, 1.0,
using digraphs T7 ( and modifications of these) in Conetruction HT1
is the only way to get such hypotraceable digraphs.

The following construction was designed to obtain hypotxa«
ceable digraps which have a source but no sink or vice-versa (by
reversion).

Y

3
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CONSTRUCTION HT21
Let G1 and 62 be two disjoint hypotraceable digraphs with
source and sink. Let u,, v, be the source resp. sink of G; and y;

the terminal node of a hamiltonian path in Gl - vy

let u,, v, be the source resp. sink of G, and x, the

initial node of a hamiltonian path in 62 - u,. Furthermore, we
assume that G1 has a node Wyr Wy # ul,wlf Vie Wy # Yyr such that
the following conditions are satisfiled:

c1) Gy does not contain two node-disjoint paths Q = [wlq._.,y1]

and @ * = (v, ...,v;] which contain all nodes of G,, and

c2) Gy does not contailn twe node-disjoint paths 3‘? [ul,...,y1]

and R' = E"l"'°'V1] which contain all nodes of Gy.

Let G ba the digraph obtained by adding the digraphs
61 andG2 identifying the nodes vy and x, into a node z, and by

adding the arcs A = {(vy,u,), (¥;/,)s (vpw) )  (c.f. Fig.d.2).

FIGURE 4.2

PRI
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Theorem 4.6.

Given two hypotraceable digraphs G1 and Gzlwith source and

sink, where G, has the mentioned proverties, then the digfapb_c’
obtained by Construction HT2 is hypotraceable.

Proof:

a) Suppose G contains a hamiltonian path P. Then P has to contain
at least one of the arcs of A = { ‘Vz'“z"‘"z'wl"‘¥;'“2)]
a)) P Ao A= {(vyu) } . Then, P has to contain a hamil-
tonian path in G, (fram u) to v;) which i3 impossiblae , S

a) P AR = ((vywg)} . In this case, P has to contain a
hamiltonian path in G, (from X, to vy} what cannot happen.

a)) PN A= {( y1,u2)] . Then, P has to contain either a

hamiltopian path in G, (from u, to vy) or a hamiltonian path

in Gy (from uy to yl), which is impossible.

a) PN A= {{vy,wy)e (¥qeug) } . In this cdse, there are two
possibilities: )
a ) P= ( UyreeesVyr “1""'91'“2""] or

ag) P = L Uyseees¥yrligeeeerVarWysass ] .

In the case 341)' in order to be a hamiltonian path'in G,
P has to contain two node-disjoint paths Q = C Wigeeo, y1] and
Q' = ( Uy, eee,Vy 1 ingG, which contain all nodes of Gy. By

condition Cl1) this cannot happen.

In the case a‘z) , P has to contain two node-disjoint
paths R = [ uj,.,y; 1 and R' = { Wl,+s+pvy] in Gy which contain
all nodes of Gl,which contradicts condition C2).

b) We show that G - t is traceable for any node t in G.

T
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bi) t =, let P, be a hamiltonian path in G, - w, (from u; to

vy =2 ) and P, a hamiltonian path in G2 =~ uy (from x, = 2

to v,). Then, P, U P, U [(va,wl)] is a hamiltonian path in
G- t.

b2) t in Gy, t # vy Let Q1 be a hamiltonian path in G1 -t
(with terminal node v, = z) and Q, a hamiltonian path in
Gy = Uy (with initial node x, = z). Then Q, U Q, U
t(VZl“Q)]

is a hamiltonian path in G ~ t.

b3) t in G,, ¢ # u,. Let Ry be a hamiltonian path in G; = vy
{(from uy to yl) and R, a hamiltonian path in G, - t.

Then, R, U f(yl. u,)}u R, 1s a hamiltonian path in

G-t . 0O
%1 Remaxk 4.7,

The hypotraceable digraphs T,, Tg » Tys Tio ¢y e T2 and

T13 shown in figures 3.1. to 3.5. satisfy the conditions required
(for the digraph Gl) in Construction HT2, where the nodes w, and

¥, are those indicated in the respective figures. Therefore, they
can be used (as G1 ) with any hypotraceable digraph with source

and sink (as G,y) to obtain new hypotraceable dléraphs.c
pemark 4.7. together with Theorem 4.5.b) implies:

Theorem 4.8.

a) For every n a 13 there exist hypotraceable digraphs of order

n which contain a source or a sink s but not both.

b) For each of these hypotraceable digraphs G - s is strongly
connected. QO

R g mv o = R gen i Tl e
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The following construction is a directed vaersion of Thomae-
sen's construction, c.f. [ 71
hypotraceable digraphs.

Definition 4.9.

e o e

If x is a distinguished node of a digraph G then the neigh-
bours of x will be numbered as indicated in Fig 4.3. 0

FIGURE 4.3

pefinition 4.10. (c.f. (4] )

Let x be a distinguished node of a hypchamiltonian digraph
G and let yl, yz, y3 be the neighbours of x, numbered as in.dati-
nition 4.9. (G,x) is said to have grogert* 8 if there are no
hamiltonian paths from yl to yz , from y~ to y3 and from y2 to
y3 ing -x . 0O

Construction HT3:

Let Gy, Gy Gar Gy be four disjoint hypohamiltonian digraphs
with distinguished nodes Rye Xgr RKye Xy resp. whose neighbours y;

(§ = 1,...,4) are numbered as in pefinition 4.9. We assume that

, and produces strongly connected ' .

TP P PRI

¢
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all pairs (G,,x, ), (G}, (Gyu%3)0 (G have property 8. THEOREM 4.11. ;
i Let H ;= G ;- % X i=1,...,4. We add the diqraphs H, identifying S 3
' 1 - :
! the nodes Y11Y3 into a node z,, the nodes y4. ¥, into a node z, Given four hypohamiltonian digraphs G,, Gy, 3G 4/ @th: F
k and add the arcs ; [
H the above properties then the digraph G obtained by Construotion. ;

, 3
i yy » Yg), (Yg ' y?), (y% ’ yg), (yg ’ y?), HT3 is hvpotraceable.

T

2 2 2
isi vz » ¥gde lyg s V;zg)' ¢Y13 ' Yl)' (3(,1l ' y13) Proof:

|9 1 - .
5{; calling the resulting digraph G (c.f. Fig. 4.4). F, is the union 1 a) We have to show that G - v is traceable for all nodes v t.et v
£ of H, and H, together with the arcs linking H, and Hy; F, is the ‘ be a node of H;. G, - v is hamiltonian, so H1 - v has a hamil-
"'.’ union of Hy and H, together with the arcs linking Hy and H 4 tonian path P 1fmm )(31 to y%, or from y? to y1 or from yf to y}.

a,) Py goes from )(1 to y12 G, - yz contains a hnmiltonian oir=-

1 ¢ G ' cu it con taining [yz, X yzl , we drop thls path and obtain

a hamiltonian pal P 21 n H -y 2° 6 4 y 4 contains a ha

[ miltonian circuit which contains {14, Xyr Yyl 3, droppinq L

e,

this path we obtain a hamiltdnian pati\ P, in H, - 3}‘ .

G - y33 contains a hamiltonian circuit containing (y;. Xqr

VAN a2

y32] , we drop this path and obtain a hamiltonian path P3 in

H3 - y;. Now

e g P

(i23: y13)) u g U ((¥2, ¥2)) U P, U
u B U Uyl ¥t v g v ((y;,yz))

! is a hamiltonian path in G - V.

y a) P, goes from ){1 to y11. !-l2 contains a hamiltonian circuit

C ., cort d ning an arc (y 2! u) . We drop this arc obtaining a

2

FIGURE 4 .4
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hamiltonian path P2 in Hz- G3 - y% contains a hamiltonian
circuit containing [y%, X3, yg] , dropping this path we
obtain a hamiltonian path Py in Hy - yé < Gy - y: con~
tains a hamiltonian circuit containing [yi, X4 yi 1 ., we
drop this path obtaining a path P4 in H4-yz. The path
2 2
P, v t<y21 y%_i} ur ur v ((v§ v)) ) v
Py U [(Y[p YB)}
is hamiltonian in G - v
a3) } goes from yi to yi This case is done as a,) , instead
of dxocpinq (yz, u) in C2 we drop the arc (yz, u) and link
P, and P, through (yz. yl)

As Hl and H, are symmetric the same result follows if v is
in HZ' Using similar constructions as above we can obtain a hamil-

tonian path analogously, if v is in F,.

b) Suppose G contains a hamiltonian path P from Wy to Wa P inclu-

des the nodes zy and Zq) therefore it is composed either of
paths
bl) Py from W, to z;, Py from z; to z,, P4 from z, to w,

or
bz) Pl from W, to 23 ¢ Pz from z, to zy, P3 from zy to Wy
The paths Pl' 93 may have length zero. P, is entirely con-

tained in Fl or Fz, and at least one of the paths Pl' P3 is con-

tained in Fa» F; resp. Therefore we have to consider several cases.

Constructions of Hypotraceable Digraphs 1m

303
by} Py in Fy, Py contains exactly one of the arcs.(yj, ¥3)

2
(yi. yz).

1. P

1.1.

1.2.

2, P

1 in Fl, Py in Fy. pl u Pz is a hamiltonian path 1n.P1.
If wy 1s in Hy, then P, U Py contains a hamiltonian path
in H2 from either y% or y; to y% . Adding to this path ;
either [ya, Xo yzl or Eyz, Xys yg we obtain
a hamiltonian circuit in G,. contradiction.

If wy is in H, then P v Py contains a hamiltonian path
2
in Hl' This path goes either from yg to yl or from y1 to
yi . In the first case we add Cyl, xl. yll obtaining
a hamiltonian circuit in Gl' a contradiction, the second

case is impossible because (Gl’xl) has p;operty 8 .

1 in Fy, P3 in Fy. Py U 93 is a hamiltonian path in Pl.

2.1, If wy is in H, then P, U P, contains a hamiltonian path

2.2,

3
in Hy from yi to either yi or yi« since (Gl,xl) has

property 8  this is impossible.

If w, is in Hy then P, U Py contains a hamiltonian path

2 2 3
in H, going from y2 to y2 or from y, to y; » In the first

case we add[yz, Xy y2 obtaining a hamiltonian circult
in G,, a contradiction, the second case cannot occur as

Gy, x,) has property 8 .

Beaais s et d

gids

(aixes
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3. Py in Fy, Py in F,. Then P, contains a hamiltonian path in

Hz. We obtain a contradiction as in 1.1l.
b
13) P, in F,.

1. Py in Fyr Py in Fi. Py UP,y is a hamiltonlan path in F,.
1.1. 1f w1 is in Hy then Pz contains a hamiltonian path in H,
from either y: or yi to 72' a contradiction since (Gd,x4)

has property B .

1.2, If vy is in H, then By UPR, contains a hamiltonian path in
Hy going from either yg to y§ or from yg to yg. In the
first case we add Ey%, X3 y% 1 obtaining a hamilto-

nian circuit in G3’ contradiction; as (Gs,x3) has property

8 the second case is impossible.

2, Pl in Fl N 93 in Fz . Then P2 u 93 is a hamiltonian

path in F,.

2.1, If Wy ia in H,, then P, contains a hawmiltonian path in H,,
going from yg to elther yg or yg, we add either [yg,x3, yi]
or Ey%, X3 y%] obtaining a hamiltonian ¢irauit in G,,
contradiction,

2.2, If wy is in Hy, then P, U Py contains a hamtiltonian path in
H4 going from either yi to y} or from y} to yg. In the first
case we add [yz,xh,yﬁ] getting a hamiltonian circuit in

Gyr the second case is impossible since (G4, x4) has pro-

perty £ .

3. Pl in Fl' P3 in Pl. Pz contains a hamiltonian path in H3

going from yg to either y; or yg,like case 2.1.
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Case bz) follows from bl) because of symmetry.

In order to be able to use construction HT3 we need hypo- .
hamiltonian digraphs Gy (L = 1,2,3,4) with distinguished nodes
% such that the pairs (Gi‘xi) have property g . Let paj3
and odd , V:= { al.az,...,ap,b1,bz, s bp ),

Er = {(ag,a;, by Py} #4 = Leeey pl} U

tayap), (bbp)} U {(ai,bl),mi,ai'). i=l,...,p0 }

then the digraphs Mp = (V,E) are called odd Marguerites, All'nodeg

x €V are obviously distinguished . It was shown in {41 that odd
Marguerites ara hypohamiltonian digraphs and that for every p 3 5,

odd, and every x € V the pair (Mp,x) has property B8

Furthermore, the hypohamiltonian digraphs Ya and Yg shown
in Fig. 3.2 in (4] have property 8 with respect to the distin-
guished nodes marked x in Fig. 3.2 in (4] . This can be checked
easily by enumeration.

By using four of the digraphs Y, mentioned above Construc-
tion HT3 yields the hypotraceable digraph of order 26 shown in
Fig. 4.5.

Y
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P

FIGURE 4.5

All hypotraceable digraphs obtained by Construction HT3
are ohviously strongly connected. By combining the digraphs
Yg: Y¥g and Mp, P a 5 and odd, appropriately, we get

Theorem 4.12,

Construction HT3 gives strongly connected hypotraceable
digraphs of order n for all n a 26 .

Remark. It is shown in (5] that there exist strongly connected
hypotraceable digraphs of order n for all n x 12.

(1]

21

(3]

{41

5]

6]

{7

(8l

91
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