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Exercise 40. 10 points

Consider the uncapacitated facility location problem

(UFL) min
∑
i∈I

fiyi +
∑
ij∈A

dijxij

(i)
∑
i∈I

xij ≥ 1 ∀j ∈ J

(ii) yi ≥ xij ∀ij ∈ A
(iii) yi ∈ Z+ ∀i ∈ I
(iv) xij ∈ Z+ ∀ij ∈ A,

where I = {1, . . . ,m}, J = {1, . . . , n}, A ⊆ I × J , f ∈ RI
+, and d ∈ RA

+.

Prove:

a) (UFL) has an optimal 0/1-solution.
b) (UFL) ⇐⇒ (UFL) (i), (ii), (iii), xij ≥ 0 ∀ij ∈ A.

Exercise 41. 10 points

Consider the following set covering problem associated with model (UFL) of exer-
cise 40:

(SCP) min
∑

(i,J ′)∈J

c(i,J ′)z(i,J ′)

(i)
∑
J ′3j

z(i,J ′) ≥ 1 ∀j ∈ J

(ii) z(i,J ′) ∈ {0, 1} ∀(i, J ′) ∈ J .

Here, J(i) := {j ∈ J : ij ∈ A ∀i ∈ I}, J := {(i, J ′) : i ∈ I, ∅ ( J ′ ⊆ J(i)}, and

c(i, J ′) := fi +
∑
j∈J ′

dij ∀(i, J ′) ∈ J .

Prove:

a) There is a one-to-one correspondence between optimal 0/1-solutions of (UFL)
and (SCP).

a) UFL is APX-hard. Hint: SCP is APX-hard.



Exercise 42. 10 points

Modify the LP rounding Algorithm 3.2.3 for the MUFL as follows:

i) Change the definition of x′ in the filtering step to

x′ij ←

{
0, if i /∈ Nj(β)

αx̄ij, else

for an approriate α of your choice.
i) Replace in the LP rounding step Nj by Nj(β) := {i ∈ I : xij > 0 ∧ dij ≤ βDj}.
i) What is the resulting approximation ratio depending on β?
i) What is the best approximation ratio that can be obtained by modifying β?


