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Introduction



(Permutation) Symmetries in Optimization

❖ What is a symmetry in an optimization problem?

❖ Intuitively, a symmetry is a permutation 𝜋 that we can apply to 
feasible solutions and that always returns (other) feasible solutions 
(of the same cost).
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(Permutation) Symmetries in Optimization

❖ Is this good or bad news?

❖ In some sense, symmetries point to some redundant information in 
the problem:

❖ If not exploited, this usually means useless work by the 
algorithm :-(

❖ If exploited, they can lead to improved performance :-)

❖ How to exploit them depends on the class of problems and 
algorithms

❖ But first…how do we detect symmetries in a problem?



Symmetry Detection



Formulation Symmetries
❖ Given an optimization problem P with feasible set F(P) and 

objective function f, the definition of a permutation symmetry 𝜋 
given so far is along the following lines:

❖ Utterly useless: we don’t know the set of feasible solutions of a 
problem :-(

❖ In practice we resort to formulation symmetries, i.e., symmetries that 
keep the formulation of the problem invariant.

❖ Note that this is a weaker definition, easily fooled by innocuous 
changes to a formulation, like scaling or adding a redundant 
constraint!

<latexit sha1_base64="Y6g8yNNLmPlNeoNdaEk8ZoCEzrQ=">AAACE3icdVDLSgNBEJz1GeMr6tHLYBCih7ArmugtKIgHDxGMCtklzE5mk8HZ2WWmVxOW/IMXf8WLB0W8evHm3zh5KD4LGoqqbrq7/FhwDbb9Zo2NT0xOTWdmsrNz8wuLuaXlMx0lirIajUSkLnyimeCS1YCDYBexYiT0BTv3Lw/6/vkVU5pH8hS6MfNC0pI84JSAkRq5zQ52ucSHheoGdo9ZAIq32kCUiq6xG/NCZ+PTb+TydtHZ29kqlfFv4hTtAfJohGoj9+o2I5qETAIVROu6Y8fgpUQBp4L1sm6iWUzoJWmxuqGShEx76eCnHl43ShMHkTIlAQ/UrxMpCbXuhr7pDAm09U+vL/7l1RMIdr2UyzgBJulwUZAIDBHuB4SbXDEKomsIoYqbWzFtE0UomBizJoSPT/H/5Gyr6JSKpZPtfGV/FEcGraI1VEAOKqMKOkJVVEMU3aA79IAerVvr3nqynoetY9ZoZgV9g/XyDttinE4=</latexit>

x → F (P ) ↑ ω(x) → F (P )
<latexit sha1_base64="Mt/gBmt6ZoQOutxzNgHo56YRc/E=">AAAB+XicdVDLSgNBEOyNrxhfqx69DAYhuYTdoIkehKAXjxFMIiRLmJ3MJkNmZ5eZ2WBY8idePCji1T/x5t84eQg+CxqKqm66u/yYM6Ud593KLC2vrK5l13Mbm1vbO/buXlNFiSS0QSIeyVsfK8qZoA3NNKe3saQ49Dlt+cPLqd8aUalYJG70OKZeiPuCBYxgbaSubQeFuyI6R0GhEzNDi10775Tcs5NypYp+E7fkzJCHBepd+63Ti0gSUqEJx0q1XSfWXoqlZoTTSa6TKBpjMsR92jZU4JAqL51dPkFHRumhIJKmhEYz9etEikOlxqFvOkOsB+qnNxX/8tqJDk69lIk40VSQ+aIg4UhHaBoD6jFJieZjQzCRzNyKyABLTLQJK2dC+PwU/U+a5ZJbKVWuj/O1i0UcWTiAQyiAC1WowRXUoQEERnAPj/BkpdaD9Wy9zFsz1mJmH77Bev0AHJKSEQ==</latexit>

f(x) = f(ω(x))



Formulation Symmetries
❖ A variable symmetry 𝜋 is valid is there exists a corresponding 

constraint symmetry 𝜎 that keeps the formulation of the problem the 
same

❖ Concept is the same for more general constraints (arbitrary 
mathematical programs in algebraic form)

❖ Formulation is encoded as a vertex-coloured graph

❖ Again, very generic, not restricted to MILP

❖ We can apply standard methods/packages to compute graph 
automorphisms

❖ Complexity unknown but usually fast in practice



Symmetry Graph

<latexit sha1_base64="1SvwDpAAQ8HRO1g63il3GSKkP7U=">AAACHXicdVDLSgMxFM34rONr1KWbYFFclZlSW90V3bisYB/QKSWT3rahmcyQZMQy9Efc+CtuXCjiwo34N6YPxeeBCyfn3EvuPUHMmdKu+2bNzS8sLi1nVuzVtfWNTWdru6aiRFKo0ohHshEQBZwJqGqmOTRiCSQMONSDwdnYr1+BVCwSl3oYQyskPcG6jBJtpLZT8APoMZEGIdGSXY9sDx/gcbnY92139vBsH0Tns6ntZN2cd3KUL5bwb+Ll3AmyaIZK23nxOxFNQhCacqJU03Nj3UqJ1IxyGNl+oiAmdEB60DRUkBBUK51cN8L7RungbiRNCY0n6teJlIRKDcPAdJr9+uqnNxb/8pqJ7h63UibiRIOg04+6Ccc6wuOocIdJoJoPDSFUMrMrpn0iCdUmUNuE8HEp/p/U8jmvmCteFLLl01kcGbSL9tAh8lAJldE5qqAqougG3aEH9GjdWvfWk/U8bZ2zZjM76Bus13eqSJ6c</latexit>
1 1 0
0 1 1

�
binary

general

<latexit sha1_base64="J5oPI8RCPXIA42rjjhrEkfXOvP8=">AAACHnicdZDLSgMxFIYzXut4q7p0EyyKqzLT2lZ3RTcuK9gLdErJpKdtaCYzJBmxDH0SN76KGxeKCK70bUwvitcfAh//OYec8/sRZ0o7zps1N7+wuLScWrFX19Y3NtNb2zUVxpJClYY8lA2fKOBMQFUzzaERSSCBz6HuD87G9foVSMVCcamHEbQC0hOsyyjRxmqnC54PPSYSPyBasuuR7eIDnMOeZ+cMuGPIG8jbHojOZ1c7nXGy7kkhVyzh3+BmnYkyaKZKO/3idUIaByA05USpputEupUQqRnlMLK9WEFE6ID0oGlQkABUK5mcN8L7xungbijNExpP3K8TCQmUGga+6TT79dXP2tj8q9aMdfe4lTARxRoEnX7UjTnWIR5nhTtMAtV8aIBQycyumPaJJFSbRG0Twsel+H+o5bJuMVu8OMqUT2dxpNAu2kOHyEUlVEbnqIKqiKIbdIce0KN1a91bT9bztHXOms3soG+yXt8BrOOfKg==</latexit>2
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Can be simplified: connect directly row-col pairs 
corresponding to most frequent coefficient!



Symmetry Representation



Symmetric Group

❖ How are the symmetries of a problem represented?

❖ A naïve way is to store the list of all symmetries…but this would 
work only on toy problems:

❖ Consider a graph coloring problem with 20 colors: that alone would give 
20! > 1018 symmetries!

❖ The key observation is to note that the symmetries of a problem 
form a (finite) group:

❖ Any finite group can be represented by a (polynomially sized) list 
of generators (like in a vector space).



Group Concepts
❖ The group theory point of view is key in computing with (and 

exploiting) symmetries.

❖ Given a group G acting on ground set N (in our case, the formulation 
symmetries acting on the variables of the problem), we can define the 
two fundamental concepts:

Orbit of an object x
<latexit sha1_base64="/xTw4/ULhWeS6/KjBlCEfLUtDaw=">AAACBnicdVDJSgNBEO2JW4xb1KMIhUGIIGFGNCoiBD3oUcEskAmhp9OZNOnpGbp7xDDk5MVf8eJBEa9+gzf/xs4iuD4oeLxXRVU9L+JMadt+t1ITk1PTM+nZzNz8wuJSdnmlosJYElomIQ9lzcOKciZoWTPNaS2SFAcep1Wvezrwq9dUKhaKK92LaCPAvmBtRrA2UjO7fpa/2YJjcBPwDdsG9wh8cJmAM3D7zWzOLjiHezvFffhNnII9RA6NcdHMvrmtkMQBFZpwrFTdsSPdSLDUjHDaz7ixohEmXezTuqECB1Q1kuEbfdg0SgvaoTQlNAzVrxMJDpTqBZ7pDLDuqJ/eQPzLq8e6fdBImIhiTQUZLWrHHHQIg0ygxSQlmvcMwUQycyuQDpaYaJNcxoTw+Sn8Tyo7BadYKF7u5kon4zjSaA1toDxy0D4qoXN0gcqIoFt0jx7Rk3VnPVjP1suoNWWNZ1bRN1ivH32tlgM=</latexit>

G(x) = {g(x), g → G}

Set of objects that x can 
be mapped to by 

permutations in G

Stabilizer of a set S
<latexit sha1_base64="xDxPk8FXrcC+auXxe9DTeu5jm/4=">AAACEHicdVBNS8NAEN34WetX1aOXwSJWkJAUrYoIRQ96VLS20ISy2W7bxc0m7G6EEvsTvPhXvHhQxKtHb/4bt7WCnw8GHu/NMDMviDlT2nHerJHRsfGJycxUdnpmdm4+t7B4oaJEElohEY9kLcCKciZoRTPNaS2WFIcBp9Xg8rDvV6+oVCwS57obUz/EbcFajGBtpEZuTWkcFI42ztZhH7wU2uAxAUdwDd4etAsD+Qy8XiOXd2x3d6tY2obfxLWdAfJoiJNG7tVrRiQJqdCEY6XqrhNrP8VSM8JpL+slisaYXOI2rRsqcEiVnw4e6sGqUZrQiqQpoWGgfp1IcahUNwxMZ4h1R/30+uJfXj3RrR0/ZSJONBXkY1Er4aAj6KcDTSYp0bxrCCaSmVuBdLDERJsMsyaEz0/hf3JRtN2SXTrdzJcPhnFk0DJaQQXkom1URsfoBFUQQTfoDj2gR+vWureerOeP1hFrOLOEvsF6eQeY65kz</latexit>

stab(G,S) = {g → G| g(S) = S}
Set of permutations that 
map the objects in S to 

themselves                    
(a subgroup of G)



Group Concepts

❖ Why are those two concepts important?

❖ Orbits tell us which objects (variables) are interchangeable given 
a symmetry group

❖ Stabilizers tell us which symmetries are still valid after we have 
taken some branching decisions

❖ Note that we can (and do) compute orbits w.r.t. a stabilizer…

❖ Orbits partition the set of variables into equivalence classes, so we 
often talk of orbit partition.



Group Computations
❖ Orbits can be computed in linear time given generators

❖ Standard union-find data structure

❖ For stabilizers it depends…

❖ For point-wise stabilizers (each element of S is mapped to itself), 
it can be done in polynomial time (but the polynomial is not 
great…).

❖ For set-wise stabilizers (the set S is mapped to itself as a whole), 
the complexity is the same as for graph automorphism :-(

❖ In general the latter concept is more powerful but more 
expensive to compute (exactly).



Discrete Optimization



Orbital Branching
❖ Consider an orbit O = {xi1,…,xik} of binary variables at the root of the 

branch-and-bound tree.

❖ Standard branching would pick one (say the first), and apply the 
disjunction:

❖ However, the right branch still contains all the symmetric solutions xi2=1, 
xi3=1,…

❖ This is even more explicit by considering (still valid) k+1 branch:

Ostrowski et al. “Orbital Branching” Mathematical Programming 2011

<latexit sha1_base64="CV0ZgoXeIIh1Oe/sirZrkWb3ZaI=">AAACBXicdVDJSgNBEO2JW4zbqEc9NAbB0zATNNGDEPTiMYJZIBmGnk4ladKz0N0TDEMuXvwVLx4U8eo/ePNv7Czi/qDg8V4VVfX8mDOpbPvNyMzNLywuZZdzK6tr6xvm5lZNRomgUKURj0TDJxI4C6GqmOLQiAWQwOdQ9/vnY78+ACFZFF6pYQxuQLoh6zBKlJY8c/faS5nnjPApdnBrAIA/Bdsz87blnBwViiX8mziWPUEezVDxzNdWO6JJAKGinEjZdOxYuSkRilEOo1wrkRAT2iddaGoakgCkm06+GOF9rbRxJxK6QoUn6teJlARSDgNfdwZE9eRPbyz+5TUT1Tl2UxbGiYKQThd1Eo5VhMeR4DYTQBUfakKoYPpWTHtEEKp0cDkdwsen+H9SK1hO0SpeHubLZ7M4smgH7aED5KASKqMLVEFVRNENukMP6NG4Ne6NJ+N52poxZjPb6BuMl3fibpbv</latexit>

xi1 = 1 → xi1 = 0

<latexit sha1_base64="bk4BrNaI1hwyDrwT+jhB6Rq+wxg=">AAACNXicdVDJSgNBFOyJW4zbqEcvjUHwFGaCJnoIBL148BDBLJAMQ0/nJWnSs9DdEwxDfsqL/+FJDx4U8eov2FnEuBU0FFX1eP3KiziTyrIejdTC4tLySno1s7a+sbllbu/UZBgLClUa8lA0PCKBswCqiikOjUgA8T0Oda9/PvbrAxCShcG1Gkbg+KQbsA6jRGnJNS9v3IS59giXsI1bAwDc4u1QySmfmP058ys9i5XmMpZrZq2cfXqcLxTxb2LnrAmyaIaKa9632iGNfQgU5UTKpm1FykmIUIxyGGVasYSI0D7pQlPTgPggnWRy9QgfaKWNO6HQL1B4os5PJMSXcuh7OukT1ZM/vbH4l9eMVefESVgQxQoCOl3UiTlWIR5XiNtMAFV8qAmhgum/YtojglCli87oEj4vxf+TWj5nF3KFq6Ns+WxWRxrtoX10iGxURGV0gSqoiii6RQ/oGb0Yd8aT8Wq8TaMpYzazi77BeP8ABiepNw==</latexit>

xi1 = 1 → . . . → xik = 1 → xi1 = . . . = xik = 0



Orbital Branching
❖ The gist of orbital branching is to drop all the equivalent branches (except 

one) and thus consider the disjunction:

Ostrowski et al. “Orbital Branching” Mathematical Programming 2011

<latexit sha1_base64="Gi053klWPcYQGG/OoMDm/xm5jVo=">AAACGHicdZDLSgMxFIYz9VbrbdSlm2ARXNWZoq0uhKIblxXsBTplyKSnbWjmQpIplqGP4cZXceNCEbfd+Tam04r3HwI/3zmHk/N7EWdSWdabkVlYXFpeya7m1tY3NrfM7Z26DGNBoUZDHoqmRyRwFkBNMcWhGQkgvseh4Q0up/XGEIRkYXCjRhG0fdILWJdRojRyzaNbN2GuPcbn2MbOEAB/Aod3QiW1SdFgiizXzFsF++ykWCrj38YuWKnyaK6qa06cTkhjHwJFOZGyZVuRaidEKEY5jHNOLCEidEB60NI2ID7IdpIeNsYHmnRwNxT6BQqn9OtEQnwpR76nO32i+vJnbQr/qrVi1T1tJyyIYgUBnS3qxhyrEE9Twh0mgCo+0oZQwfRfMe0TQajSWeZ0CB+X4v9NvViwS4XS9XG+cjGPI4v20D46RDYqowq6QlVUQxTdoQf0hJ6Ne+PReDFeZ60ZYz6zi77JmLwDZu2eKw==</latexit>

xi1 = 1 → xi1 = . . . = xik = 0

❖ The same can be done when branching on a general integer variable: the 
standard disjunction:

<latexit sha1_base64="HGC/KQHkTljxQnPsW1U7KaJICLM=">AAACC3icdZDJSgNBEIZ74hbjNurRS5MgCMIwEzTRW9CLxwhmgWQYejqVpEnPQndPMAy5e/FVvHhQxKsv4M23sbMorj80/HxVRXX9fsyZVLb9ZmQWFpeWV7KrubX1jc0tc3unLqNEUKjRiEei6RMJnIVQU0xxaMYCSOBzaPiD80m9MQQhWRReqVEMbkB6IesySpRGnpm/9lLmOWPc7gEeHjq4PQTAn5Br6JkF23JOj4ulMv5tHMueqoDmqnrma7sT0SSAUFFOpGw5dqzclAjFKIdxrp1IiAkdkB60tA1JANJNp7eM8b4mHdyNhH6hwlP6dSIlgZSjwNedAVF9+bM2gX/VWonqnrgpC+NEQUhni7oJxyrCk2Bwhwmgio+0IVQw/VdM+0QQqnR8OR3Cx6X4f1MvWk7JKl0eFSpn8ziyaA/l0QFyUBlV0AWqohqi6AbdoQf0aNwa98aT8TxrzRjzmV30TcbLOzNcme0=</latexit>

xi1 → v + 1 ↑ xi1 ↓ v

becomes
<latexit sha1_base64="eTFJOe9+SpooFQeW6IaKSvT9oQs=">AAACInicdZDLSgMxFIYz9VbrrerSTbAIgqXMFG3trujGZQV7gXYYMpnTNjRzIckUy9BnceOruHGhqCvBhzG9KF4PhPx8/zkk53cjzqQyzVcjtbC4tLySXs2srW9sbmW3dxoyjAWFOg15KFoukcBZAHXFFIdWJID4LoemOzif+M0hCMnC4EqNIrB90gtYl1GiNHKylWsnYY41xp0e4OGRhTtDAPwJuYZ5fXmhkvkZHsyxk82ZBatyUiyV8W9hFcxp5dC8ak72ueOFNPYhUJQTKduWGSk7IUIxymGc6cQSIkIHpAdtLQPig7ST6YpjfKCJh7uh0CdQeEq/TiTEl3Lku7rTJ6ovf3oT+JfXjlX31E5YEMUKAjp7qBtzrEI8yQt7TABVfKQFoYLpv2LaJ4JQpVPN6BA+NsX/i0axYJUKpcvjXPVsHkca7aF9dIgsVEZVdIFqqI4oukF36AE9GrfGvfFkvMxaU8Z8Zhd9K+PtHQygotI=</latexit>

xi1 → v + 1 ↑ xi1 ↓ v, . . . , xik ↓ v



Orbital Branching
❖ What about the rest of the tree?

❖ The logic is exactly the same, but we need to use an appropriate stabilizer 
of the global symmetry group for computing the orbits!

❖ The most general approach consists in keeping track of which bound 
changes are symmetry breaking (branching only so far) and which are not, 
and compute the stabilizer w.r.t. those only

❖ The stabilizer will thus only map variables with tightened bounds (by 
branching) only to other variables with the same bounds.

❖ Simple case: variables fixed to one (resp. zero) by branching can only map to 
other variables fixed to one (resp. zero) by branching.

Ostrowski et al. “Orbital Branching” Mathematical Programming 2011



Orbital Fixing
❖ This tries to apply the orbital logic to tightenings that come from other 

arguments (primal reductions, reduced cost fixing, etc…)

❖ Consider the orbits at the current node (again, those are computed w.r.t. a 
stabilizer that only considers symmetry breaking bound changes).

❖ Within each orbit, compute the maximum lower bound L and the 
minimum upper bound U, and set them for all variables in the orbit.

❖ Example: if reduced cost fixing deduces that a variable in an orbit can be fixed zero, 
we would fix to zero all the variables in the same orbit.

❖ This is why we need to distinguish symmetry bound changes: otherwise 
orbital fixing would never tighten anything…

Ostrowski et al. “Orbital Branching” Mathematical Programming 2011



Orbital Probing

❖ For each orbit of integer variables:

❖ Fix all the variables in the orbit to their (identical) lower bound v

❖ Perform constraint propagation

❖ If infeasible we can set one variable in the orbit to v+1

❖ Update orbits

also a symmetry breaking bound change! 

Achterberg “Probing, Probing, Probing and Probing” MIP Workshop 2013



Results
-----------------------+------------------------------------+---------------------------------------------
                       |            NO SYMMETRY             |                   SYMMETRY                
class                # |     #S      time     nodes     PDI |     #S       tQ       nQ     pdiQ        W/L
-----------------------+------------------------------------+---------------------------------------------
all               4190 |   3970    166.88      2327   42.46 |   4010***  0.93***  0.86***  0.96***   43/13
[0,3600}          4028 |   3970    146.68      1896   39.24 |   4010***  0.92***  0.86***  0.96***   43/13
[1,3600}          4016 |   3958    147.95      1925   39.47 |   3998***  0.92***  0.86***  0.96***   43/13
[10,3600}         3874 |   3816    161.72      2199   41.85 |   3856***  0.92***  0.85***  0.96***   43/13
[100,3600}        2293 |   2235    361.45      5773   71.21 |   2275***  0.87***  0.78***  0.94***    36/9
[1000,3600}        452 |    394   1703.72     99885  172.40 |    434***  0.64***  0.50***  0.78***    13/3
-----------------------+------------------------------------+---------------------------------------------
all-opt           3952 |   3952    138.30      1654   38.14 |   3952     0.95***  0.89***  0.98***   33/11
[0,0)                0 |      0      0.00         0    0.00 |      0     1.00     1.00     1.00        0/0
[0,1)               12 |     12      0.41         1    0.30 |     12     1.01     1.00     1.02        0/0
[1,10)             142 |    142      6.16        42    3.72 |    142     1.00     0.99     1.01        0/0
[10,100)          1581 |   1581     46.08       537   17.04 |   1581     1.00     0.97***  1.01        5/1
[100,1000)        1841 |   1841    245.19      2863   56.58 |   1841     0.94***  0.87***  0.99***    12/4
[1000,3600)        376 |    376   1550.33     53566  177.49 |    376     0.82***  0.69***  0.89***     5/1
-----------------------+------------------------------------+---------------------------------------------

FICO XPRESS 9.7 - 838 instances 5 seeds 16 threads



Continuous Optimization



Continuous Optimization

❖ All the symmetry handling techniques presented are discrete in nature and 

are applied during branch-and-bound

❖ Does it mean that there is nothing to do if the problem is continuous???

❖ To the contrary!!!

❖ If the problem is continuous and convex, we can do so much more :-) 



Symmetry and Convexity
❖ The key intuition is that if the problem is convex, we can always “average” 

symmetrical solutions and thus assume that all variables within an orbit 
have the same value

❖ Consider a permutation swapping, among other things, the first and the 
second variable:

(0, 1, *, *, *)
(1/2, 1/2, *, *, *)

(1, 0, *, *, *)

symmetry
convex

combination

❖ Repeating the argument for all variables in all orbits gets the claim.



Orbital Shrinking
Not actually implemented, but simpler to understand:

❖ Aggregate variables in the same column orbit

❖ Convex continuous: can always average symmetric optimal solutions

❖ Keep only one constraint for each row orbit

❖ All constraints in the same orbit would be identical copies after the variable 
aggregations above

It is a no brainer if we already have the symmetry group available, but…

❖ Computing the symmetry group is potentially expensive

❖ We can actually do strictly better!!!

variable orbits

co
ns

tr
ai

nt
 o

rb
its

K. Gatermann and P. Parrilo “Symmetry groups, semidefinite programs and sums of squares” Journal of Pure and Applied Algebra 2004



Fractional Symmetries
<latexit sha1_base64="GD0QL9n5Qx0p+NkQ+ti7Se/iGIw=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4GmaCSfQgJHrxmIBZIBlCT6cnadLTM3T3CGHIR3jxoIhXv8ebf2NnEVwfFDzeq6Kqnh9zprTjvFuZldW19Y3sZm5re2d3L79/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76e+e07KhWLxK2exNQL8VCwgBGsjdSu1xroEtX6+YJjuxelYrmCfhPXduYowBL1fv6tN4hIElKhCcdKdV0n1l6KpWaE02mulygaYzLGQ9o1VOCQKi+dnztFJ0YZoCCSpoRGc/XrRIpDpSahbzpDrEfqpzcT//K6iQ7OvZSJONFUkMWiIOFIR2j2OxowSYnmE0MwkczcisgIS0y0SShnQvj8FP1PWkXbLdvlxlmherWMIwtHcAyn4EIFqnADdWgCgTHcwyM8WbH1YD1bL4vWjLWcOYRvsF4/AA+mjsU=</latexit>

PAQ = A

permutation matrices
doubly-stochastic matrices

❖ Still valid in the convex continuous case

❖ Can be computed in polynomial time (and efficiently in practice)

❖ Give coarser (equitable) partitions than orbital partitions!

Grohe, Kersting, Mladenov, Selman “Dimension Reduction via Colour Refinement” CoRR 2013



LP Folding

❖ Use equitable partition to shrink model

❖ Independent of symmetry detection for MIP

❖ Note that it does not give a basic solution for the original problem!

❖ Nothing to do if interested in a primal-dual pair;

❖ Need crossover otherwise (can be expensive)

❖ Enabled by default on when solving LPs

❖ Disabled by default when solving MIPs!



Results
-----------------------+------------------------------------+---------------------------------------------
                       |             NO LP FOLDING.         |                   LP FOLDING                   
class                # |     #S      time     nodes     PDI |     #S       tQ       nQ     pdiQ        W/L
-----------------------+------------------------------------+---------------------------------------------
all                840 |    834     67.16         1    0.00 |    836     0.88***  1.00     1.00       30/4
[0,3600}           836 |    834     65.76         1    0.00 |    836     0.88***  1.00     1.00       30/4
[1,3600}           833 |    831     66.29         1    0.00 |    833     0.88***  1.00     1.00       30/4
[10,3600}          667 |    665    105.86         1    0.00 |    667     0.87***  1.00     1.00       24/4
[100,3600}         292 |    290    331.96         1   -0.00 |    292     0.78***  1.00     1.00       17/2
[1000,3600}         40 |     38   2015.70         1    0.00 |     40     0.33***  1.00     1.00        2/0
-----------------------+------------------------------------+---------------------------------------------
all-opt            834 |    834     65.06         1    0.00 |    834     0.89***  1.00     1.00       28/4
[0,0)                0 |      0      0.00         0    0.00 |      0     1.00     1.00     1.00        0/0
[0,1)                3 |      3      0.84         1    0.00 |      3     1.00     1.00     1.00        0/0
[1,10)             166 |    166      4.23         1    0.00 |    166     0.88***  1.00     1.00        6/0
[10,100)           375 |    375     39.88         1    0.00 |    375     0.95***  1.00     1.00        6/2
[100,1000)         252 |    252    247.84         1    0.00 |    252     0.89***  1.00     1.00       10/2
[1000,3600)         27 |     27   1523.75         1    0.00 |     27     0.49     1.00     1.00        1/0
-----------------------+------------------------------------+---------------------------------------------

FICO XPRESS 9.7 - 240 instances 3 seeds 16 threads



Folding Eliminations
❖ What if we have symmetries affecting continuous variables only in a MIP?

❖ What does this even mean?

❖ The symmetries must be valid for the point-wise stabiliser of the integer 
variables

❖ Then we can still aggregate along those orbits (of continuous variables 
only)

❖ This is weaker than necessary:

❖ We can again use fractional symmetries to compute a coarser partition 
(but still having each integer variable in a singleton block).



Results
-----------------------+------------------------------------+---------------------------------------------
                       |          NO FOLDING ELIM           |                   FOLDING ELIM               
class                # |     #S      time     nodes     PDI |     #S       tQ       nQ     pdiQ        W/L
-----------------------+------------------------------------+---------------------------------------------
all               4190 |   4002    156.16      2023   41.08 |   4010     0.99***  0.99     1.00**     10/3
[0,3600}          4013 |   4002    135.06      1609   37.58 |   4010     0.99***  0.99     1.00**     10/3
[1,3600}          3999 |   3988    136.41      1635   37.84 |   3996     0.99***  0.99     1.00**     10/3
[10,3600}         3837 |   3826    150.62      1858   40.46 |   3834     0.99***  0.99     1.00**     10/3
[100,3600}        2173 |   2162    347.51      4419   71.72 |   2170     0.98***  0.98     0.99*       9/2
[1000,3600}        363 |    352   1665.61     54241  178.73 |    360     0.92**   0.85**   1.00        3/0
-----------------------+------------------------------------+---------------------------------------------
all-opt           3999 |   3999    133.64      1585   37.56 |   3999     0.99*    1.00     1.00*       7/3
[0,0)                0 |      0      0.00         0    0.00 |      0     1.00     1.00     1.00        0/0
[0,1)               14 |     14      0.47         6    0.27 |     14     1.00     1.00     1.01        0/0
[1,10)             162 |    162      6.32        71    3.51 |    162     1.00     1.00     1.00        0/0
[10,100)          1664 |   1664     46.49       595   16.88 |   1664     1.00     1.00     1.00        1/1
[100,1000)        1810 |   1810    252.27      2670   59.09 |   1810     0.99*    1.01     0.99        4/0
[1000,3600)        349 |    349   1640.31     52495  188.79 |    349     0.98     0.97     0.99        1/0
-----------------------+------------------------------------+---------------------------------------------

FICO XPRESS 9.7 - 838 instances 5 seeds 16 threads



Thanks for your attention!


